Abstract. We study some sub-Riemannian objects (such as horizontal connectivity, horizontal connection, horizontal tangent plane, horizontal mean curvature) in hypersurfaces of sub-Riemannian manifolds. We prove that if a connected hypersurface in a contact manifold of dimension more than three is noncharacteristic or with isolated characteristic points, then given two points, there exists at least one piecewise smooth horizontal curve in this hypersurface connecting them. In any sub-Riemannian manifold, we obtain the sub-Riemannian version of the fundamental theorem of Riemannian geometry: there exists a unique nonholonomic connection which is completely determined by the subRiemannian structure and a complement of the horizontal bundle, is "symmetric" and is compatible with the sub-Riemannian metric. We use this nonholonomic connection to study horizontal mean curvature of hypersurfaces.
Introduction
Recently there is an explosion of interest in the theory of sub-Riemannian manifolds (or Carnot-Carathéodory spaces in general), and in the ramification of this subject into analysis and geometry, see e.g. [1] , [5] , [6] , [10] , [11] , [12] , [13] , [14] , [17] , [20] and [23] . We recall a subRiemannian manifold (M, ∆, g c ) is a smooth manifold M with a distribution ∆ (a subbundle of the tangent bundle T M ) which is endowed with a fiberwise inner product g c (usually called subRiemannian metric). g c is usually realized as the restriction on ∆ of some Riemannian metric g on T M . Carnot groups are particularly interesting sub-Riemannian manifolds. Roughly speaking, the sub-Riemannian geometry of (M, ∆, g c ) is the geometry determined by the sub-Riemannian structure (∆, g c ) which yields Carnot-Carathéodory distance if ∆ satisfies the Chow's condition and M is connected, and should be independent of the choice of the Riemannian metric g which is the extension of g c to T M , although it often interacts with the Riemannian geometry of (M, g).
It is natural to study the geometry of hypersurfaces (or submanifolds of codimension more than one) in sub-Riemannian manifolds not only from the geometric viewpoint (see [5] , [14] , [15] and [23] for the program of sub-Riemannian minimal surfaces in Carnot groups), but also from the viewpoint of analysis (see [10] - [13] , [20] and [24] for the developing geometric measure theory in the setting of sub-Riemannian geometry). To develop a theory of sub-Riemannian minimal surfaces, a sub-Riemannian counterpart of the notion of the usual mean curvature on submanifolds should be laid down. In [23] , [5] (see also [15] ) an analysis definition of the notion of horizontal mean curvature for noncharacteristic hypersurfaces in Carnot groups has been given. In [27] we have formulated a geometric definition of the horizontal mean curvature by using the notion of horizontal connection. It turns out that our definition coincides with the analysis definition in the case of Carnot groups. The geometric definition is valid in general sub-Riemannian manifolds.
In this paper we continue our study on geometry and calculus of hypersurfaces in subRiemannian manifolds. The notion of the horizontal tangent planes of smooth noncharacteristic (see Definition 3.1) hypersurfaces plays an important role in the story of [27] . The horizontal tangent plane T H x S at a point x in a smooth noncharacteristic hypersurface S is defined as the k − 1 (assuming ∆ is k dimensional) dimensional linear space such that
where ∆ x is the fiber of ∆ through x, n H (x) the horizontal normal of S at x and gc denotes the orthogonal decomposition with respect to g c . Since n H (x) is by definition the projection onto ∆ x of the Riemannian normal n(x) computed with respect to g (any orthogonal extension of g c ), we have T
the horizontal tangent bundle. In general, if S possesses characteristic points, one also can define T H S = T S ∆. Note that T H S is independent of the orthogonal extensions of g c . A very interesting question is that under what condition T H S satisfies the Chow's condition with respect to T S, that is, the subbundle T H S (if it is a subbundle, say) together with all its Lie commutators spans T S (we assume ∆ satisfies the Chow's condition). This question is relevant to another two: whether there exist sufficiently many horizontal curves in S and whether one can define a Carnot-Carathéodory metric with respect to T H S with an induced metric g H c (from g c ) ? We point out that in his seminal paper [17] Gromov discussed, among other things about geometry of hypersurfaces in sub-Riemannian manifolds, the relationship between the restricted Carnot-Carathéodory metric on S and the Carnot-Carathéodory metric induced by the structure (T H S, g H c ). He claimed that the two metrics are Lipschitz equivalent in some special cases, e.g. contact manifolds of dimension more than three, see page 104 and page 173 in [17] . But he did not seem to give conditions to guarantee that the Carnot-Carathéodory metric induced by the structure (T H S, g H c ) can be well defined. One of main results of this paper is to give the first result in this regard. We have Theorem 1.1. Let M be a smooth orientable contact manifold of dimension 2n+1 with a contact form η and a Riemannian metric g and let ∆ := ker(η) be the canonical distribution. Let S be a smooth connected hypersurface in M . If n > 1 and there does not exist immersed submanifold contained in the set Σ S of all characteristic points in S, then for any points p, q ∈ S, there exists a piecewise smooth curve γ(t), t ∈ [a, b] connecting p, q such thatγ ∈ T H γ(t) S. In particular, if S is noncharacteristic, T H S as a subbundle of T S satisfies the Chow's condition, that is, T H S together with all its Lie commutators span T S. Theorem 1.1 follows from Sussmann's famous Orbit Theorem and the contact structure of M . A trivial example shows that the condition of dimension more than three is necessary.
The next point we concentrate on is that whether there exists an intrinsic nonholonomic connection D in (M, ∆, g c ). A natural candidate is the one D obtained by projecting to ∆ the Levi-Civita connection ∇ with respect to some orthogonal extension g of g c . We prove that D is independent of the choice of orthogonal extension of g c . Moreover we have
and X H is understood as the projection of X to ∆ with respect to the direct summation decomposition T M = ∆ ∆ where ∆ is the distribution complementary to ∆. Then D is independent of the choice of orthonormal basis of ∆ and it is the unique nonholonomic connection satisfying 
2) (5) the following "symmetry" property holds:
In particular we have D = D.
Theorem 1.2 is the counterpart of the existence and uniqueness of the Levi-Civita connection in Riemannian geometry. But the connection certainly depends on the splitting of T M .
We will use D to study the horizontal mean curvature of hypersurfaces in (M, ∆, g c ). Let D ⊤ be the tangent horizontal connection on the horizontal tangent bundle T H S of a smooth noncharacteristic hypersurface S. We define the horizontal mean curvature of S as the trace of the horizontal fundamental second form which is by definition a bilinear map II from Γ(T H S) × Γ(T H S) to N :
for any X, Y ∈ Γ(T H S) where Γ(T H S) denotes the set of all smooth sections of T H S and N is the horizontal normal. The symmetry of II follows from the symmetry property (1.3) of D and the definition of the horizontal tangent plane. Since both D and T H S are intrinsic, so is the horizontal mean curvature.
The paper is organized as follows. In Section 2 we collect some facts about sub-Riemannian manifolds which will be used later, mainly to fix some notations. In Section 3 Theorem 1.1 is proven after introducing the notion of the horizontal tangent bundle. Roughly speaking, if we project Riemannian objects onto the horizontal bundle, such as Riemannian connection, normal vector and tangent bundle, then we get corresponding sub-Riemannian analogues: horizontal connection, horizontal normal vector and horizontal bundle. Theorem 1.2 is proven in Section 4.
Basic material on sub-Riemannian manifolds
Let M be a smooth (C ∞ ) manifold of dimension m endowed with a smooth distribution (called horizontal bundle) ∆ of dimension k with k < m.
1 If we a prior equip ∆ with an inner product g c (called sub-Riemannian metric), we call (M, ∆, g c ) a sub-Riemannian manifold with the sub-Riemannian structure (∆, g c ). Let {X 1 , · · · , X k } be an orthonormal local basis of ∆. A piecewise smooth curve
Denote by L i the set of all vector fields spanned by all commutators of X j 's of order ≤ i and let L i (p) be the subspace of evaluations at p of all vector fields in L i . We call ∆ satisfies the Chow's condition 2 if for any p ∈ M , there exists an integer r(p) such that L r(p) (p) = T p M (the tangent space of M at p). If M is connected and ∆ satisfies the Chow's condition, the Chow connectivity theorem asserts that there exists at least one piecewise smooth horizontal curve connecting two given points (see [4] , [1] or [17] ), and thus (∆, g c ) yields a metric (called Carnot-Carathéodory metric) d c by letting d c (p, q) as the infimum among the lengths of all horizontal curves joining p to q.
∆ is equiregular if the dimension of L i (p) does not depends on p for any i, that is, the tangent bundle T M is filtered by smooth subbundles
where r is called the degree of ∆. Note that we always can extend g c to a Riemannian metric
∆ where ∆ is the distribution complementary to ∆. We call such g an orthogonal extension of g c . Obviously the orthogonal extension of g c is not unique in general. We will use Γ(∆) to denote the set of all smooth sections of ∆. 
Example 2.1 (Carnot groups). The most interesting models of sub-Riemannian manifolds are Carnot groups (called also stratified groups). A Carnot group G is a connected, simply connected Lie group whose Lie algebra G admits the grading
G = V 1 · · · V l , with [V 1 , V i ] = V i+1 , for any 1 ≤ i ≤ l−1 and [V 1 , V l ] = 0 (the integer l is called the step of G). Let {e 1 , · · · , e n } be a basis of G with n = l i=1 dim(V i ). Let X i (g) = (L g ) * e i for i = 1, · · · , k := dim(V 1 ) where (L g ) * is the differential of the left translation L g (g ′ ) = gg ′ and let Y i (g) = (L g ) * e i+k for i = 1, · · · , n − k. We call the system of left-invariant vector fields ∆ := V 1 = span{X 1 , · · · , X k } the horizontal bundle of G. If we equip ∆ an inner product g c such that {X 1 , · · · , X k } is an orthonormal basis of ∆, (G, ∆, g c ) is an equiregular sub-Riemannian manifold. In (G, ∆, g c ), d c is invariant with respect to left translation, that is d c (p 0 p, p 0 q) = d c (p, q) for any p 0 , p, q ∈ G,
and is 1-homogeneous with respect to the natural dilations, that is
d c (δ s p, δ s q) = sd c (p, q) for any s > 0, p, q ∈ G, where δ s p = exp( l i=1 s i ξ i ) for p = exp( l i=1 ξ i ), ξ i ∈ V i .
Example 2.3 (Heisenberg group). Heisenberg group H n as a representative both in the class of Carnot groups and in the class of contact manifolds is of paramount importance, and is worthy of being paid more attention to. The underlying manifold of this Lie group is simply R 2n+1 , with the noncommutative group law
where we have let x, x ′ , y, y ′ ∈ R n , t, t ′ ∈ R. A simple computation shows that
and all other commutators are trivial, therefore the vector fields X = {X 1 , · · · , X 2n } constitute a basis of the Lie algebra
For the theory of sub-Riemannian geodesics we refer to the book [22] and references therein, and see in particular [17] for a comprehensive treatment of the geometry (more than subRiemannian geodesics) in sub-Riemannian manifolds, also for many potential research directions.
The horizontal tangent bundle and horizontal connectivity in hypersurfaces
Let (M, ∆, g c ) be a sub-Riemannian manifold. In this section we always assume M is connected and ∆ satisfies the Chow's condition. By S we always mean a smooth hypersurface (i.e. an embedded submanifold of codimension 1) in M . Let g be any orthogonal extension of g c .
Typically S possesses characteristic points, see e.g. [6] . But we have The closedness follows from the smoothness of S and the smallness of Σ S is due to Derridj, see [7] , [8] . In the case of Carnot groups of step two, when the smoothness of S is weaker than C ∞ , say C 1,1 , the smallness of Σ S is obtained by Magnani, see [20] or [21] . By Proposition 3.2, if p ∈ S\Σ S , then there exists a neighborhood U of p, such that U ∩ S ⊂ S\Σ S . Definition 3.3 (horizontal normal). Let n g denote the Riemannian normal of S with respect to g. We define the horizontal normal n H of S as the projection of the Riemannian normal onto the horizontal bundle, that is,
It is easily seen that p ∈ S is a characteristic point if and only if n H (p) = 0.
Definition 3.4 (horizontal tangent plane). For p ∈ S, we define
as the horizontal tangent plane of S at p.
From the definition we see that if p ∈ Σ S then T H p S = ∆ p , and otherwise T H p S is a k − 1 dimensional subspace of ∆ p . Thus
is a distribution of dimension k−1 if and only if S is noncharacteristic. The following proposition shows that T H S depends only on ∆ and S.
Proposition 3.5. The horizontal tangent bundle T H S is intrinsic:
Proof. Let g be any orthogonal extension of g c . For p ∈ S, first let v ∈ T H p S. Thus v ∈ ∆ p and from Definition 3.3 we have
Remark 3.6. Therefore T H S is the projection of T S onto ∆. In the case of Carnot groups of step two, if p ∈ S is not a characteristic point, T H p S has obvious geometric meaning: T H p S is the projection on the horizontal bundle of the Lie algebra of the tangent group which is the blowup set of S with respect to the natural dilations 3 , see [12] . This is the reason why we call T H p S horizontal tangent plane.
If
be the unit horizontal normal. Then by Proposition 3, V is intrinsic: independent of the choice of orthogonal extension, since
3 That is the limit set of Sp,s := δ 1
A natural question is that whether there exist sufficiently many horizontal curves in hypersurfaces such that the intrinsic Carnot-Carathéodory metric can be defined. We will not pursue the general case. But we will prove that for contact manifolds of dimension more than three, there exists at least one smooth horizontal curve connecting two given points in a connected hypersurface S if Σ S does not contain any immersed submanifold, and so the intrinsic CarnotCarathéodory metric can be defined. This is the case if S is noncharacteristic or with isolated characteristic points. Note that even in the contact case, the horizontal connectivity in hypersurfaces is overlooked. Some authors asserted that there are few horizontal curves in hypersurfaces, even though these hypersurfaces are noncharacteristic, see e.g. [10] (p.485) where the authors wrote: "· · · Notice however that a H-regular hypersurface contains very few H-rectifiable curves; in particular we cannot define a geodesic distance on a H-rectifiable hypersurface· · · " 4 .
To prove Theorem 1.1, we first introduce the notion of the orbit of a family of vector fields.
Definition 3.7 (orbits of a family of vector fields). Let M be a connected smooth manifold and let F be any family of smooth vector fields globally defined on M . We define the orbit of a point p ∈ M of this family as the set of points of M reachable piececwise by trajectories of vector fields in the family, that is,
where exp(tf )(p) denotes the flow of the vector field f through p, i.e. the curve γ(t) in M such that γ(t) = f (γ(t))
Of course, if some of our vector fields are not complete then we consider only such t 1 , · · · , t n for which the above expression has sense. It is clear that the relation:"q belongs to the orbit of p" is an equivalence relation on M and thus M is the disjoint union of orbits (equivalence classes).
The following orbit theorem is due to Sussmann (also Nagano), see [26] .
Theorem 3.8 (Orbit Theorem, Nagano-Sussmann). Let F be as above and let p ∈ M . Then:
where P is the group of diffeomorphisms of M generated by flows in F:
and P * is the differential map of P .
Remark 3.9. From Theorem 3.8, two simple but very useful observations are in order.
(1) First of all, if f ∈ F, then f (q) ∈ T q O p for all q ∈ O p . Indeed, the trajectory exp(tf )(q) belongs to the orbit O p , thus its velocity vector f (q) is in the tangent space 
as tangent vectors to O p if f i ∈ F and q ∈ O p . 4 Smooth noncharacteristic hypersurfaces are, from the definition, H-regular hypersurfaces; the inverse is not true in general. H-rectifiable curves are just absolutely continuous horizontal curves.
These considerations can be summarized in terms of Lie algebra of vector fields generated by F:
and its evaluation at a point q ∈ M :
We obtain the following statement.
Corollary 3.10.
We note that the Chow connectivity theorem follows immediately from Corollary 3.10. Now we return to consider the horizontal connectivity in hypersurfaces in sub-Riemannian manifolds. We will need the notion of a horizontal immersed submanifold with respect to a distribution. 
, then given two points p, q in M , there exists at least one piecewise smooth horizontal (with respect to ∆) curve connecting them (in fact ∆ is equiregular).
Proof. Let F be the set of all smooth vector fields tangent to ∆, that is, Proof. This is a well known fact. For the readers' convenience and completeness we give a proof. Let i : N → M be a horizontal immersed submanifold of M and let p ∈ N . By definition, dim(i * (T p N )) = dim(T p N ) and for any v 1 , v 2 ∈ i * (T p N ),
where ω = dη. Since ω i(p) is a symplectic form on the horizontal space ∆ p , from the nondegeneracy of ω i(p) we have that
where
Now we are in the position to prove Theorem 1.1.
Proof of Theorem 1.1. Since 2n − 1 > n, the statement follows directly from Theorem 3.12 and Lemma 3.13 if S is noncharacteristic. If S possesses characteristic points, let F ∆ S be the set of all smooth vector fields tangent to T H S, that is,
Let O p be an orbit of p ∈ S of the family F ∆ S . By Theorem 3.8 O p is an immersed submanifold. From the assumption that Σ S does not contain immersed submanifolds we conclude that there exists at least one point q ∈ O p which is not a characteristic point. By Corollary 3.10 we have that F ∆ S (q) ⊂ T q (O p ) and the dimension of O p is not less than 2n Example 3.14 (the gauge ball in H n with n > 1). Let S n = {p ∈ R 2n+1 | p = 1} where p := (|x| 2 + |y| 2 ) 2 + |t| 2
4 is the gauge norm in H n . S n is called the gauge ball centered in the origin. It is trivial to check that the metric induced by the gauge norm is left-invariant and 1-homogeneous with respect to natural dilations in H n . By direct computation the characteristic set Σ S n of S n consists of only two points:
By Theorem 1.1, we see that the induced Carnot-Carathéodory metric S n can be defined. [17] , and there are points p, q
is a Lie subgroup of H n with the induced group law (that is the restriction to L i of the group law of H n ) and Lie algebra
The following example shows the condition of dimension more than three is unavoidable. 
Remark 3.17. As in Euclidean geometry, R 3 can serve as a model to the study of higher dimension, in the study of sub-Riemannian geometry H 1 can also be seen as a model. But in the developing geometric measure theory in the setting of sub-Riemannian geometry, in particular for the notion of rectifiability ( and possibly for co-area formulae) in Carnot groups, H 1 may be an exception. We recall that in [10] - [13] B. Franchi, R. Serapioni and F. Serra Cassano have proposed a notion of rectifiability by introducing the notion of intrinsic regular hypersurfaces, and another notion which is a counterpart of Federer's definition of rectifiability where the "model spaces" are replaced by Carnot groups is announced by S. Pauls in [24] . It seems that the Pauls' notion is meaningless for H 1 . One reason is that the codimension one Lie subgroups L x , L y of H 1 have no stratified structure. Another reason is the horizontal non-connectivity of hypersurfaces in H 1 as shown in the last example. A very intriguing question arises: whether are the two notions of rectifiability for H n (n > 1) equivalent in any reasonable sense?
4. Horizontal connection, the horizontal mean curvature and the horizontal divergence theorem Definition 4.1 (horizontal connection). Let g be any orthogonal extension of g c and let ∇ be the Levi-Civita connection with respect to g. We define the horizontal connection D on ∆ as
where {X 1 , · · · , X k } is an orthonormal basis of ∆.
Remark 4.2.
The definition of D is independent of the choice of orthonormal basis of ∆. In fact, let X i = k j=1 a ij X j , i = 1, · · · , k be another orthonormal basis. Then (a ij ) is an orthonormal matrix (everywhere) and hence
We call D a "connection" because of the following fact. 
Proof. The proof is trivial. All follow directly from the definition of D, the compatibility and the symmetry of the Levi-Civita connection ∇ together with the fact that g is an orthogonal extension of g c .
Remark 4.4. For any vector field X, the horizontal part X H of X:
, is independent of any orthogonal extension g of g c . In fact, since g is an orthogonal extension of g c , the projection, with respect to the decomposition of direct summation, of a vector field to the horizontal bundle is the same as the projection of this vector field to the horizontal bundle, with respect to the orthogonal decomposition.
From (2) and (3) of Lemma 4.3 it is straight to verify that D X Y (p) depends only on X(p) and the evaluations of Y in a neighborhood of p.
Any operator from Γ(∆) Γ(∆) → Γ(∆) satisfying (1), (2), (3) and (4) 
Proof. From Lemma 4.3 we know that
. By the Cozhul's formula, for any i, j, l = 1, · · · , k we have Proof of Theorem 1.2. In this proof, to simplify the notations we use the Einstein summation convention: if in any term the same index name appears twice, as both an upper and a lower index, that term is assumed to be summed over all possible values of that index (from 1 to k). We first prove that D is independent of the choice of orthonormal basis of ∆. Let { X 1 , · · · , X k } be another orthonormal basis of ∆, where
) is the inverse matrix of A with b j i = a i j for i, j = 1, · · · , k since A is orthogonal, we try to compute
we have
using the same arguments to other terms, and from b
Renaming and rearranging some indices, then cancelling or adding some terms (using X l (a j r b h j ) = 0 and a r l = b l r for any l, r, h = 1, · · · , k), we infer that
From the definition of D we have for any i, j, l = 1, · · · , k, 
see [27] for details.
For completeness we introduce the notion of horizontal divergence.
Note that as shown in Remark 4.2, div H X is independent of the choice of orthonormal basis of ∆ because of (2) in Lemma 4.3.
The following proposition, which in the case of Carnot groups are well known, follows immediately from the definitions. It is interesting that D can be used to define the horizontal mean curvature of (noncharacteristic) hypersurfaces in (M, ∆, g c ). In the rest of this paper, we discuss how this can be done. Roughly speaking, in sub-Riemannian (or nonholonomic) geometry horizontal connection, horizontal tangent connection, horizontal normal, horizontal second fundamental form and horizontal mean curvature are counterparts of Levi-Civita connection, tangent connection, Riemannian normal, second fundamental form and mean curvature in Riemannian geometry, respectively.
We assume, if without further notice, S is a smooth noncharacteristic hypersurface in a sub-Riemannian manifold (M, ∆, g c ). Then T H S is a subbundle of T S of dimension k − 1. From the definition we have 
It is clear that any vector v in T H
p S(p ∈ S) can be extended to a vector field in T H S by first extending v to a vector field V in T S then projecting V to T H S, and any vector field V in T H S can smoothly extended to a horizontal vector field in ∆ by first extending V to a vector field V in T M then projecting V to ∆. Sometimes we will denote by the same symbol both the extended vector field and the original vector field, in particular when we have confirmed that the objects under consideration are independent of such extensions.
If X, Y are vector fields in T H S, we can extend them to horizontal vector fields X, Y in M , apply the ambient derivative operator D, and then decompose at points of S to get A is self-adjoint and we call A the horizontal shape operator of S.
For any p ∈ S, A gives a symmetric linear map A p : T H p S → T H p S. Then by the symmetry of A p , A p has k − 1 real eigenvalues. It has been proven in [27] that in the case of Carnot groups our definition of the horizontal mean curvature coincides with that in [6] and [23] .
Remark 4.19. Since D, T H S and V are intrinsic, so is the notion of horizontal mean curvature. As in [6] and [23] , the horizontal mean curvature can be defined only at noncharacteristic points 6 . However by Proposition 3.2, the horizontal mean curvature can be defined almost everywhere. 
where V = k i=1 V i X i is the unit horizontal normal of S, see [27] .
